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A block considered as a set of elements together with its adjacency matrix A is called 
a C-block if A is the adjacency matrix of a circuit. A balanced circuit design with param- 
eters u, b, r.k, A (briefly, tKD(u,k,AI) is an arrangement of v elements into & C-blocks 
such that each C-block contains k elements, each element occurs in exactly r C-blocks 
and any two distinct elements are linked in exactly A C-blocks. 
We investigate rrarnditions for the existence of BCD and show, in particular, that if the 
Mocksize k a 6 r: nd the tri*+d necessary conditions arc* satisfied, then the corresponding 
BCD exists. 
1. Introduction 
Balanced incomplete block designs (BIBD) were generalized in [ 61 to 
so-called Manced graph designs (briefy, balanced Gdesigns). In a block, 
con.sidered as a set of elements, any two distinct elements are either 
linked or not linked. The adjacency matrix G(B) = llgijll of a block B 
with k elements is a symmetric matrix of order k with zero diagonal 
where gij = 1 if the elements i and i are linked in B, and 0 otherwise. A 
block is called a G-block if its adjacency matrix G(B) is equivalent to G, 
that is, G(B) = YVIGP for some permutation matrix P. 
Given a symmetric (0, 1).matrix G of order k with zero diagonal, a 
balanced Gdesign with parameters u,b, T, k, X is an arrangement of u 
elements into b G-blocks such that every G-block contains k elements, 
every element occurs in exactly I G-blocks and any two distinct elements 
rare linked in exactly X G-blocks [ 61. 
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Thus, since all pairs cjf distinct elements in a block 01 3 BIElD are 
linked, a BIBD is the ~me as a balanced (S- I )-design whtre .I and I is 
the matrix of arder Ik- with all entries 1, and the idenrity ma”rix of order 
k, respectively. Anlother particular type of balanced i3esign; was in- 
vestigated in [ 61, namely (J--I- L&designs where iii) is a matrix of order 
k with zeros on the diagonal and both c odiagonats, and 1 ‘s elsewhere 
(in 1:6] those designs are termed balanced P-designs). Stili another type 
of G&signs was dealt with in [ 7,3] wizh 
here.! is a ktxil, matrix with all entries 1, Jr denotes tire transpose of 
+ J, k,, ii, > 0, k,, + k, = k; such designs were uallcd balsnced bipartite 
designs CHBD). 
In this paper we will be concerned with another type of balanced C- 
designs, namely tho Y.: in which the adjacency matrix of any block is 
equivalent to the matrix 
c 
I1 0 1 0 1 .,.  . 0 0 1
. 
0 1 .
. . = i ;: : . . 
!iO 
II 1 
0 0 ..: 0 i 
0 0 . . . 1 0 
of order 1;. Since C is the adjacency matrix of a graph formed by the 
elements of a circuit, we call such designs balanced circsgit designs 
(briefly BCD). A block having as its adjacency matrix a matrix equi- 
valent to C will be caUed a C-block or simply a block if there can be no 
confusion. 
We will investigate the conditillns for the existence: of BCD and will 
show, in particular, that if the block-size k < 6 and t&e trivial necessary 
condit:ons are satisfied then BCD exists. 
2. Elementary rekadions and auxiliary results 
Undefined graph-theoretical notions are used as in [ 5 1. For results 
on BIBDs see, e.g., [ 21. 
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nition 2.1. A balanced circtri~ design (BCD) is an arrangement of v 
elements into b C-blocks such that each C-block contains k elements, 
each element occurs in exactly or C-blocks and any two distinct elements 
are linked in exactly X C-blocks. 
The numbers u, h, r, k, X are parameters of a BCD. We will use for a 
C-block of size k the standard notation C = (aI, a2, . . . . ak) which will 
mean that the elements ai, tii+l for i - 1, 2, . . . . k -- 1 are Alinked and the 
elemcntsak, til are linked while any other two elements of C are un- 
linked. 
Similarly as in BIBDs,.we have obviously 
(2.1) vbr=b-k 
anid, say. by counting the total number of links, 
(2.2) A(v --I) = 2r . 
We will refer to (2.1) and ( 2.2) as the trivial necessary conditions for 
the existence of BCDs. It follows from (2.1) and (2.2) that all parame- 
ters can be expressed through v, k, X therefore we will use for a balanced 
circuit design the notation BCD(v, k, A). We will often denote a particu- 
lar BCD(u, k, X) by (F, 63) where V is the set of v elements and B is the 
collection of C-blocks of the BCD. Also, since we deal with collections 
(of elements or blocks) rather than with sets and we want to retain the 
multiplicities, we will denote by B, ti B2 the result of adjoining the mem- 
bers of the collection R, to those of B2 with total multiplicities retained. 
In particular, sB will denote that each member of the collection B is to 
be taken with multiplicity s, 
&mark. If (v,h) denotes the multigraph with u vertices and any two 
distinct vertices joined by exactly X edges, then it is easy to see (compare 
[ 61) 1 hat a balanced G-design is an edge-disjoint decomposition of 
(v,h) into isomorphic subgraphs with adjacency matrix G such that each 
vertex belongs to exactly Y of these subgraphs. Although it is not true in 
general that every decomposition of (v,X) into subgraphs i omorphic to 
a given graph H is a G-design3 [ 61, the requirement that each vertex 
belongs to the same number Y of subgraphs i sometimes automatically 
satisfied: namely when H is a regular graph. Therefore each decomposi- 
tion of (v, h> into isomorphic ircuits of length k rovides a BCW. k, x). 
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Since a BCD is allowed to contain repeated blocks, we have immcdi- 
ate’ly : 
One can also use BIBIDs with odd block-sizes to generate BCDs: 
Proof. Each bfqclk of a BIBD(u, k, X) with k odd yields $(k -- 1) C-bl,scks 
of size rb: (cf. [ 5, Theorem 9.6 1); in other words, each Hock of a 
BEBD(u, k, X) yields a BCD(k, k, 1). 
It has been shown in [9,12] (although the resuits are formulated in a 
graph-tlhearetical language) that if k E 0 (mod 2), then a BCD@, k, 1) 
exists whenever t z I (mod 2). it is easily seen that if k is a power of 2. 
then u ZE 1 (n-d 1%) is also necessav for the existence of a BCD(u, rl-, 1). 
Examples of ii BCD(33~,12,1‘) in [91 and of a BCD(49,14,1) in [ 12 1 
show that this conditicln is not necessary for the existence of a 
BCD(u,, k. 1) if k is r.ot a po~cr of 2. 
If has been shown in [ 1 II J that for k 5 1 (mod 2) a BCD(U, k, 1) exists 
whenever us I (mod %) and a certaicrr conjecture is true (cf. f 11 J: the 
conjecture is triv,ialIy v;dlid for k = 3,s and has been verified also for 
k = 7). AR example of #a BCDU 1 q Iit 1) in [ 111 shows that the condition 
u f 1 (anti 2) is nol necessary ffor the existence of a BCD(u, k, I), either. 
. . In the next sections we are going to prove that if k = 3,4,5 or 6, then 
BCD(e, k, X j always exists whenlever the necessary conditions (2.1) and 
(2.2) are satisfied. 
Actually, when k := 3 or 4,,, thit:re is nothing to prove. When k = 3, iI 
BCD(v, 3, A) is the same as 3 BIBD(u, 3, A); Hanarni’s theorem I[ 31; SW 
also [ 2, ThesTem 15.4V.5]) shows that the trivial necessary conditions 
(2.I), (2.21 a re sufficient for the existence of a BIBD(u, 3, A). 
.Whsn li ‘= 4, a BCDIu, 4, X:1 is the same as a BBD(u, 4, Xr 2) since the 
circuit of length four ids the same as the comyiete bipartite graph K,,, . 
ft has been shown that the conditions (2. I), 42.2) are sufficient fol the 
existence of a BBD(rl,+X; 2)(see [a, Theorem 5.161). 
Thus we have to {lIeal with. the cases k = 5 and 6 only. For fixed values 
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of u and k, the set of all integers X satisfying the necessary conditions 
(2.1), (2.2) (i.e., the requirement that both iX(v - 1) and fX(u2-u)/k be 
integers) is an ideal generated by its smallest element Xmin. ‘We shop in 
the next two sections through a sequence of lemmas that if k = 5 or 6 
then a BCD(u, k, X & always exists. In view of Lemma 2.2 this implies 
that a BCD(u, k,X) with k = 5 or 6 always exists whenever the necessary 
conditions (2. l), (2.2) are satisfied. 
For the constructions of the next sections, we will need the following 
definitions (cf. [ 13)): 
Definition 2.4. An (A, k)qxtenr (a (8, k)-system, respc:ctively) is a parti- 
tion of thse set (I, 2, . ..* 2k) (of the set { 1,2, . . . . 26 I1 :!k+1)) into k dis- 
joint ordered pairs, (/jr, qr). r = 1, 2, . . . . k such that qr - pI =r for each. 
r = 1, 2, . . . . k. 
Definition 2.9. An I&k)-srstem (a (g, k)-system, respectively) is an 
(A ‘, &system (a (B. k)-sysiem) with p, = ?I. 
It is well-known that an A, A-)-system and an i A, k&system exists if 
and only if k z 0 or 1 (mod 4). and a (I?, k)-system and a (B, R-)-system 
exists if and only if k = 2 or3(mod 4) (see, e.g., [1.13X5]). 
Definition 2.6. A solution to the first Heffter’s difference problem for A: 
(briefly, a solution to I.HDP(k)) is a partition of the set (1,2, . . . . 3k) 
into k triples (ai, & ri), i =. 1, 2, . . . . k, such that for each i, either 
Qi + @i = ri or ai + pi + 7,; = 6k + 1 . 
It is also well-known that a solution to the I.HDP(k) exists for every 
positive integer k (see [ IO,13 1). 
In what follows the elements of a BCD(u, k, X) will be represented by 
residue classes modulo n .vhere rt = v or u - 1. in the latter case, additio- 
nal element QO is introduced. The collection of all C-blocks of a 
BCD(u, k, X) will be represented by a collection of blocks (called base 
blocks) containing a representative of each orbit of blocks under the 
action of A,,, the additive group of residues mod n. The notation 
C= &?*,az, . . . . ak) mod n} will then mean; as usually (cf. [2 I), that the 
base block c‘ should be developed according to A,, and the element 00, 
if present in the block, be kept fixed. In order to verify that the con- 
structed collection of blocks is the collection of blocks of a BCD, one 
l - is only to verify that every do { 1,2, . . . . [$I]] can be expressed in 
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exactly X ways as a difference of two elements linked in some base block 
f if the &ment = is present in a block, then the difference between = 
and any a E A,, is aIways considered to be itself 00). If the totality of 
differences betwelen linked eltments of ru block (or of a collection of 
blocks) C is a collection D, WI;: will say that the block (or a collection 
of blocks) C somprises the collection of Idifferences D and denote this 
by writing A(C) = D. If C is a collection of blocks, and A(Ci) = D for 
every Cl E C, then we will simply write AK’) = D. Also, if C is an orbit 
of biocks modulo N and lC1 = Q * u, to denote this we will write a(C) = Q 
unless a = 1. If t, u are positive integers and N denotes the set of all posi- 
tive integers, then we will denote 
3. The existence of BCDs with k: = 5 
Proof. The necessity follows from (2. I),, (2.2). For the proof of suffi- 
ciency. see [ B I]. Let us observe that the IKDs constructed in [ 1 I] are, 
in fact, cyclic, i.e., tSrey possess an automorphism consisting of a single 
cycle of length u. 
This last observation is imilortant for the fol owing lemma. 
Lemma 3.2. A BCD(U, 5,2) exists for u 3 6 (mod 10). 
Proof. Let u = lCH6, and Ie:t V:=A10t+5 u {=(I. Let [Alot++ B’) be a 9. 
cyclic BCD( 3&+5,5,1) (such that the cyclic automorphism is i+ i + 1 
(mod lOt+5)), which exists by Lemma 3.1. It follows that B’ can be 
written asB’*= B; u 6: (where B; contains all the C-blocks from orbits 
of length KU+5 and $ contains all the blocks from orbi 
f(IOt+5) = 2t+l. Put 
Cl ~2 {(O, 2?+1,4t+?, &+4,+ mod u-l} , 
($ = {@,d4t+2, 8?+4, :b+i, 6t-6) mod u-l), 
B = 2B; r;l C, c;r C, . 
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We have 
Ai = +3,4r+2,4r+2,4te, a(c;)=$, 
seen to be a 
Befbre proceedin further, let us remark tJxt “one half’ of the 
Lemmas 3.3.3.5 an below follows from Lemma 2.3 and from the 
known existence of a J3JJNXv. 5.5) for v s 9, 3.17 (mod 20) (see 141) 
so that these lemmas provide a41 alternative (direct) construction. 
% and let (~1 1ot+6. B’)beaBCD(lOt+~,S,2). 
be an (,4. f -- I )-system or a (6. f -- 1 )-system depending on whether 
t= i,2(mod4~orr=-0,3(rnod4).Let 
Zt -- I if!2 1.2(mod4), 
Y= 
2t -2 if t z 0.3 (mod 4) 
(i.e., y = 1 if t = 1, and if f > 2. y is the only element of 
&_ I\ u:=,l ipi. q&L 
For P = 0, put 
F”= ((Z,O, 1,3,=) mod 6 
seen that ( V,R”t is a 
@ ift=l, 
6; = 
A(O) = (41+3,4t+3,5f 93, =, m), a(D) = ; ) 
ACE) = {y,4!+3,5t+3,~,=5} , 
fw) = {~.7’.4t+3,yq , 
therefore r( V, B) is a EKDi lOt+7,5,53. 
&Where exists 0 BGI)( lOt+7,5,5), then there exists a 
,5, rri). 
Let V = A 101+,7 
FOG 
u +I, and let (A 1os+3 9 B’) be a arcP( lOt+‘L 5,s). 
2, let ((piylSi)*. i = 1, 2, . . . . t-1) be an ($6I)-system or 
1 )-system deperlding on whether t = 1,2 (mod 4) or t f Q,3 
4). For t = O,, putt E o = ((0, 1,3,6p9 mod 71, and let B” = 
cn ( V,B(‘) is obviously a 
For t 2 I, define 
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B,={(O,2t-l.6t+l,Zt,6t+3)mod lOt+7}, 
I 
0 ift=l 
c= 
ecO,3t+~,6?+3,4t+l,~t+2) mod 10t+7) ift 2 2, 
$!I ift=lorL 
Di = ((0,3t+I--i.6t+3.i+l,p,+,+i--l) mod lOt+7} 
ift 23, i= I,2 ,..., t-2. 
((0,2, S,%=j mod 17) ift - 1, 
E= 
\ 
{CO, 2t,4t-- 2, tit --S,m) mod 10t+7) iftz 1,2(mod4),tZ2, 
{(O, 2t.4t -2, 6t -6,mj mod 10t+7) if t E 0.3 (mod 4). t 2 5, 
A@,) = (2t--1,4t+~,4t+?,4t+3,4t+4), 
A(C) = (~t~1,~t+~,3t~~,36+~,4t+~), 
A(B,)= {3t-ci--i,3t+2+i,4t+S+i,~i+l-2,4i+l-2), 
t-2 
12,3,4,=PI 
L 
ift = 1, 
A(E) = 
{p, 2t -2,2t,=y~) if22 2, 
where 
,2 (mod 4). _ 2t---3 if t z Ii, 2 
P = P = 
2t-3 if t ~OJ(nlod4). 2t -4 if t s 0,3 (mod 4), 
at-d 
Lemma 3.5. A BCD(u, .5,5 j exists for u = 9 (mod IO). 
Proof. Let u =z l&+9, ,I 2 0, and let V = A IOrH. Define 
S,={(10,1,S,4,2)modu}, R, = {IQ, 1,2,&, 3) mod v}, 
8, = ((0,2,S, f,3) mod v), B, = ((0, 1,3,7,4) mod v). 
The set U,“=, B, comprises the differences I, 2,3,4 each five times. Now 
we have to distinguish two cases: 
GZXT ‘I : t s 0, t. (mold 4). Let {(19i,qi): i = 1, 2, . . . . t) be an (84, r)-system. 
0 fort = 0, ‘_ c- 
(UQW2,6t+5,lOt+8,6t+4) mod II) 
{(0,3t +3-i, 6t +5 , i, i+pi+2) mod V) 
for t 3 1, 
for I > 4, i = 2.3, l .+, t, 
We Lave 
A(c) = i3t-e-~,3t+3,4t+3,4t.I-~,4t+:i}. 
AfDi)= (3:.g3--i,3t+2+i,4t+4+i,pit.2,qi+2). 
6 A(Bi) ~j SA(C) u 5 6 A(Di) = SN,,+,, 9
i= 1 i=2 
therefore (F/J) is a BCD(lOt+9,5,5). 
CiIse :!: t = 2,3 (mo<d 4). For t 2 3, let ((pi,qi): i = 1.2, . . . . t -- 2) be 
an (/I , t -2 b-system. Put 
C,= {~(02+1,4t+3,8t+9,4t+4)modu}, 
c’)p jliQ,2t+3,6t+4,2t+4,6t+6)I?odu}, 
D ift=2, 
q =: 
{W,3t+l+i,6t+3,i,pi+i+4)modu) iftN,i=lJ ,..., t-2, 
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Proof. Let v = 1 t , and let Id = A 10r __ L . For I 2 2. let 
(ppy&: i = 1.2, . ...4-- r:- be an (A.d - Ikiyst @, t - I )-system de- 
pending on whether t z~ od 4) or t 3 0,3 (mod 4). Put 
B, = (0,2t,4t,6r 1. 
c= 
(0,2r-3,6t--3,Zf--1,6f)modv -1) ifr2 2, 
0 ifr=l or2, 
t---l.i+l,Pi+,+i-1)mudv-1) ifts1,2(mod4),r>5, 
(Cl,31 - i,6t- l,i+I,pj+l”iirmodv~-l) if t z 0,3 (mod 
i = 1, 2, . . . . t - 2, 
Ai(L;i) = I Q3t --i,3f-l+i,4t+l+i,pi+l-2,yi+l---2) 
if t f 1,2(mod4), 
[{3f *-i,3t-l+i,4r+l+i,p~+~-l,~i+,-l) if t “0,3(mCId4), 
I- 2 
ll rr(L),) = 
I 
N2t- 4 u h+;,4t-3 u A/4,+2,5t--, ift=1,2(mod4), 
i 
(?* 4,4,=,+ ift=l, 
A(E) =I (2t-~,2t--2,2t+l,~,~} 
I 
ift+,2(mod4),t>2, 
(1,1,2t+l,=,w) if t 5s 0,3 (mod 4) t 3 3, 
therefore ( Y, B) is a BCD( 1 Q!, 5,2). 
Lemma 3.7. Al BCD(u, 5,lO) e~iutsfizr u= 2 (mod lOjo, u 3 12. 
Proof. Let u = X)1+2, and let V = /ll,c)r+ltl {a}. L,et (A,OI+l,R’) be a 
cyclic BCt?(lQc+l, S,, 1) which exis,ts by Lemma 3.1. It follows that B’ 
is a union of t orbits of C-blocks e;lch having length lOt+ 1, B ’ = lJ:= 1 S;. 
Let Bj’be any of these t orbits such that i(lOt+l)$ A(Bijj (i.e., if 
u 3 1 (lmcld 3), Bj’ may be any of the t orbits). Let 
A($) = @,a2, a3,a4, as) . 
nen put 
and let 
i’= 1,2, 3,49 59 
Then it :h easily seen that (V,S) is a BClD(IOt+2., 5 lO). 
LRmrna 3.8. A BCD(U, l&5) exists *for u is 3 [mod. lo), u 3 13. 
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Proof. Let u = 101+3, t 2: I, and let I’= A10t+3. We have to distinguish 
two cases: 
CUXJ 1: TV 1 or 2 (mod 4). Let {(pi,yi): i = 1,2,...,r+l} be a(k+l)- 
system, and for I 2 2, let {(p&q;): i = 1 5 2, . ..? t-- 1) be an (A ,t - 1 J- 
system. Define 
Bi = ~CO,2~+i+i, 6tat3,i+l,pi+l+i-- l)modu} 9 i = 1, 2, . . . . b, 
D, = if 0, 2t, 4r, Gf, 81) mod II), 
((0.1,4,8,6) mod 13) ift = 1, 
D, = {CO, 3,7,16,10) mod 23‘) if I = 2, 
I(O,2f,4r+2,8t,4t+l)nlodo) ifr>5, 
$ ifPi, 
E, = ((0,5, t 3.1.2) mod 23) ift = 2, 
{(0,2F-l.6f+l.l ,Pi+l)modcl} ifr>S, 
8 if t = f or 2, 
E, = 
(IO, 2r+l,6r+l ,2&+2) mod u) if I> 5, 
8 ift=lor2, 
Fi = 
((0,3f*l ---i, 6l+Li+Z,yi’,,+i+2) mod v) if t> 5 , i = I, 2, . . . . t-- 1; .
We have 
A(Bi) = {2t+I+i,4r+2-i,Lit+l+i,p,+,-2,yi+,-2), 
A@,) = {2r, 2t, 2r, 2t, 2t+3) 3 
{ 1,2,3,4,6) iff = 1, 
A(L),) = (3,4,6,9,:Qj a if t = 2, 
{2~,2t+2,4F--2,~t-l,4t+l) ift > 5, 
{1,2,5,8., 11) if t = 2, 
A(E,) = 
(26L4.n +2,&+3.p;,q;} if t 2 5., 
then we see that 
therefore (V,Bb is a ECIX10+3,5,5). 
Use 2: 2 s 0 of 3 (mod 4). &eI .[(pi,qi): i = 1, T!, . . . . t+l}be an (&t+l)_ 
system arrd for ,t > 2, let {(pi’, qJ): i = 1,2, . . . , I - 1) be a (B, t - 1 )-system. 
Define 
Bi = {(0,2t+1+i,7t+3,i+l,yi+,+i--1)mod1,), i = 1, 2, . .., t , 
D,= ((0,2t+1,4~t+2,6t+3,8t+4)n~~dv), 
Ei = ((0,3t+l -I,E;tel,i,pi’+i+l)tn~l-Ju}, 
A@,) = (2~ l,2t+l, 26+1,2t+l, zt+l}, 
&$j = { 1,2t+?i, Lit, 4t+l, b+2), 
i= 1,2....,t--1, 
AtEi) = {3t+3-i, :;t+i,4t+2+i,pf+l,q~+l}, 
I- 1 
9. If thcrc cxi.s~s u BCD( 1 Ot + 3, 5, 5), then &erca exists a 
BCDM‘b+4,5,10). / f 
Prod Let 1~’ =: ,*1 IOt+3 U (~32. and kt b$,,,,J’) bc J BCDf 10r+3,5,5). 
Let {(p&$): i = I, 2, . . . . r+l) bertn(/l,t+I)-systctnora(B. I+l)-system 
dcpcnding on whether t 5 0.3 (mod 4) or I s I,2 (mod 4). Define 
BI = f(O, Zr+2, fir+3 , 2,p2)mod 101+3), 
‘0 ift-I, 
(‘) = 
I {co, Zt+Z+i, 6r +3. i+z, p,+>+i) mod l&+3} if p 2 2, i = 1.2. . . . . l-- I, 
D = {(O. 2t+L.6r+4.2t+3,c=)mod lOf+3), 
1 
{IO,p,-2. L _ p- +q7--4*19 42 + +2t - 4,=9 mod 1Qt+3) if t s I.2 (mod 4), 
E= 
(( 0, p*-s- 2 * p z+qr -- 4 p’z + +?I-- 3&mod IOf+ if! +3(naod4), 42 
I 
{(O. 2f,4f. 6f,=Q mod 101+3) if t E 1, 3 (mod 4). 
b_ = 
I(O,2t+l,4t~2,6;+3.0) mod IOf+3) ifr ~0,3(mod4), 
t--- 1 
s =B’cJ3&u5U C,.UZD~XcJ~~. 
We have 
A&) = 
A(Ci) = 
A(D) = 
{2f+Z,4t+1,4/+2,p~ 2.42- 21, 
[2t+zti,4r+l---i . t+2+i p +2-2J/.+,~- ‘) ’ I 1, c9 
[2f+2,4f+l.4f+2,cD,~~, 
(p$.q$, zt,Qv=7J if f ,= 1.2 l mod 
ir;l 2 -2,y2-2, 2t+l,=,=} if f z 0,3 (mod4), 
A. hi, c: Huan,g ,I( Balmctrd circuit designs 
{2s, 2t, l!t,=y) iftz I ,2 [[mod 4), 
AW+) = 
(2a-q .2r+l, Zt+l, =+I=) if t 3 0,3 ((mod 4). 
Since 
WC see thalt (V,B) is a BCIXlOt+4,5,100. 
‘We are RCBW in a plosition to flormulate the following theorem: 
UZ: 101~5 (mod 101) fr.r X= 1,3,7,9Qmod IO), 
vr Oar 1 (mod 5) )Gw A = 2,4,6,8 (mod 1 O),, 
u E 1 (mod 2) fib X s 5 (mod lo), 
20 5 for X ~5 0 (mod 10). 
Proof. The necessity follows easily f’iom the conditions [2.1), (2.:!). The 
sufficiency r’ollows 5rom Lemma 2.2 and Lemmas 3.1~-3.9, 
lie existence of ElCDs with k J 6. 
Lemma 4.1. A BCD(u, 6,1) exists for u 5 I (mod 1211, u > 13. 
I%a>of. The existence! of a cyclic BCIYi 2t+l, 6,1) for ‘every I ;Z 1 follows 
from [ I 2, Theorein 2 1. 
Lemmas 4X A BCI3’u, 6,6) exists fcrr v i 2 (mod 1 I,), v 3 14. 
hof. Let ,IJ = 12t+?. and let V = Alzt+* u (00). Let (AIZt+l,B’) be a 
cyfziic EK:DU 2t+l, 6,1) which exists by Lemma 4.1. It follows that B’ 
is determinled by t base blocks and therefore can be written as 
.B’ = Us:: f8,; where eiJ& 
A. Row C hang / Balanced circuit de&m 285 
is an orbit of blocks. Let B,’ and Si be any two (fixed) orbits, and let 
A(B;) U A(Bj) = (bi: i = Iy2, l .a, 12) 
(it is obvious that since X = l+ we must have bi fl bk forj # k). In the 
complete graph K121+r with the vertex-set A12r+l, form three paths P,, 
P2, P, of length four each such that the lengths of edges in Pi be cir? Ci2, 
ci3, c-i4 and 
fb i: i = 1,2, .**h 12) = {C,ii: j = 1,2,3,4); 
i-=1 ’ 
obviously, this is always possible. Define 
t’= 1,2,3, anti put 
we conclude that (V, B) is a BCIX 12r+2,6,6). 
Lemma 4.3. A BCD(u, 6,2) PX~SBS for v = 3 (mod 12) v > 15. 
ROOf. Let U = 12t+3, anJ let V = Al2t+3. P1.t 
B,= ((0,1.4t+1,4t+2,8t+2,&+3)modv), 
Ci = {(0,3t+2i,6t+1+4i,3i,1,3i+l)mod~), i = 1, 2, . . . . t, 
D = {(0,1,3,4t+2, lOt+2,4t+l)modv}, 
8 ift= i 9 
k?i+i = 
{(0,6t-2i,6t+1,6t+2i+3,1,4t-2i)modv), i = 1, 2, . . . . t-- 1, 
We have 
A@,) = {l.l,1,4t,,4t,4& a(B,) = 3, 
Accl) =,“. {,3i--~,3i,3i+l,3r+2i,3r+l+2i.6r+2-i), 
A(D:: =: (1,2,4r-l.~St+l.6r.6r+l]~. 
we c~oncludi~ that ( k’,B) is a BCDf12t+3,6,2). 
PKt3Of. Let u = KW4, and let 6’ = ,++2t+3 u i-j. Let Ci, i = 1,2, . . . . t, and 
D 5tr as in the prosf of Lemma 4.3 except hat D = (8 when t = 1. Define 
further 
4 = ~!0,1,4r+l,,4~+2,8t+2,8r+3)modu-l), 
n2= {ro, 2t,4t+L.8r.t1,8r+2,1Or+2) modu--1). 
0 ift:=! or?, 
1 7 .= ‘i 
$(O 6t-2i,6t+1,6t+2i+5,1,4t--2i)modu-l) I * 
1,6,12,5,=) mod 15) ift = 1, 
((0, &--I. 4r+l, &+3,4r,+ rnesd u-- 1) if t z 2, 
We have 
A(B,) = {l.l,1,4f,4f.,41), a@+ = 5 9 
a(B,:i = {lb, 2t, zr, 2t tl, 2$+1,2+1} 7 dB2) = 4 9 
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ift= I, 
Roof. Let u = t 2t+5. 7 = 
B, = (0, I, 2.5,6.3) mod 4, 
ift = I, 
Di = 
t+9+i,St+I -Zi)modv), 
i=l .2, ..U, I- 1, 
3i+6,3i+7,3i=+8,4t+S--i, 3-G. 4t +4+2i 
t-l 
(B,) 3 
B, 2 ic:O, 1,3,2,4, co) mod u - I 3, 
{(O, 3t +I +2i, 6t +3+4i, 6t -+3+i, 1,3i+2) Inod u -- I} 
if t 3 1, i= 1, 2, . ..D E, 
and since 
A(S,) u 2 h A(()) := Z&e,+, u 2(m), i-j 
( V,B) ka BCD(I2t+6,6,2). 
. Lemma 4.7. A BCD(u&. 2) exists for v z i (mod CQ, v 2 7. 
ROOf. L-et U = 6M, C’ T46r+l. Let ((Ui,bi* rj): i = 1,2, . . . . tf be a solution 
to I.HDP(N?). Put 
Bi = 
IQQ,,c,,b,,--aj, .-cj,-b,:) mod6t+l) ifaj +bi=ci, 
cc a 1.9 -ciy b,:y -tii, Ci, -hi) mod 6t +I) ifai+bi+ci=6[+1. 
i = I, 2, .._, t, I 
and let 
S=l; Bi. 
i=l 
e have 
therefore (V,B) is a BC3D(6it+‘l, 6,2j. 
~X&S a BCD( 12t + 7, 6,2>, t,hen there ,sllxi,qts a 
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PmJf. Let I’= Al,,+, u {=$, and let (A **{+&) be a BCD(Er+7,6,2) . 
Ift=O,p11t - 
B, = NO, 1,2.3,4,=} mod 7}, 
B =B’~B,uB,uB3; 
obviously, (V,.5) is a SCD(8,6,6). If t 2 1, put 
B, = ((0, 1, P, 3.39-1 mod Et+7). 
ci = ((0. Jt+Z+Zi, 61+5+4i, 6t+4+i, 1, Ji+3) mod ] 3+7), 
i=13 I . - , . . . , , 
jy =B’uB,uB,,cr,Bqu4U C). 
i=l 
we have 
A&) = (1. i, 1, Lay+. 
A(B,) = {:‘, 2,?, +v=), 
A(B,,= {:;.3,3,3,~v~), 
A(C_;) = (:i,‘+l, 3i+2,3i+3,3t+2+2i, 3r+3+2i, 6r +4-- i), 
3; NQ =h46t+3, 
i= ‘1 l 
A(‘,) w A(B,) u A(B,) u 4 ifi, A(Cs) = 4,V,, +3 u 6(m). 
therefore ( I’, B ) is a ISCD( 12 +8,6,6). 
.9. A I3CD(u, 6,l) esis&s fhr v z 9 (mod 12). 
roof. Let u = 12t+9, and let first t =O. Let ~=A,Xn,, and put 
u pn i iii(O, W, ( 1, Oh (0, 0, (1, 2)JOt 2), (1,1)) mot: (3, -)I, 
k [a = {((1X0.(1, MO, 1),(0,2),(2,0),(1,2)) mo 
hen (I/, B” w Co) is easily seen to be a 
Let now t 2 1. Let V = fd12r+g, and put 
B, = l [I( 0, I s 4t +3,4t+4,8t +6,8t +7 ) mod U) , 
B2= +(O, 2,4t+3,4t+S, 8~6, W-8) mod u), 
C = {~[0,3,7,6t+8,4.,6t+&!modu}, 
@I ift=l, 
Q := 
{(0,2t+3-2i,4td-q,6t+8--2i,lOt+9,8t+7--2i) modu) 
W = hr., W B* U C U Ii lli S 
i=I 
We have 
if d 3 2. i = 1,2., .. . . t - 1, 
A@,)= {l, I, 1,4t+2,4t+Z!,4t+2), a(B1) = 3 Y 
A&) = (2,2,2, 4t+1,4t+II,4t+l}, a(&) = 5 9 
A0 = C3,4,6t+l,6t+2,6~+3,6t+d}, 
.5iDi) = (2t+3-2i, 2t+4- 2,i, Zt+l+2i, 2t+2+2i, 4t+l+Zi, 4t+2+2i), 
t-l 
therefore ( I’$) is a BCD(l2r+9,6,1). 
Lemma 4.10. A BCD(u, 6,2) exists for u z 10 (trriod 12). 
proof. Let U = 12t+lO, V=J&g u {a+ Let first t = 0. Let (A,,, B ‘) be 
a BCDr:9,6,1); put B* = ((0, 1,3, ti ’ , &,=) mod 9). Then (VI B’L B”) is 
easily !seerr to be a BCD( 10,6,2]1. 
Letno~t>l.LetB,,B,,C,D~.i=l,:! ,..., t-1,bethesamc 
the proof of Lemma 4.9, and let, in addkon, 
E = i:sO, 1,3&+4,8t+6,=q 
B’ = B, u B, u 2C u 2 ‘6’ ,!& u E . 
i=l 
We have 
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and since 
t-l 
we see that ( C”,f?) is a 
(0. L3Ai.5.3 modu 
I ift = 0. Ci = 
1 (0.3t +4+2i, 6t+9+4i, 6t +b+i, 1,3it5) mod v) 
ift>,1,i=l,Z . . . . .t, 
B =6 BiU6 
i=l 
We have 
A@,)= fl, h,2,3,4,5j. 
A(B2)= (1,2,3,3,4,51. 
A(q) = { I, :2,3,4,5.5 
A@,) = 
A(Ci) = 
bxmrn!a 6.12. A BCD(v, 6,2) exr’sts filr v = 0 (mod 12). 
Prcmf. Let v = 12, V = A12t_I U {=). Define 
B,= {(0,1,3,6,Nl,5) modo--11, 
Be, = ((0, 1,3,6, IO,=> mod u _-- 11, d. 
,?Ic 
q= IV I 
ifi zz 1, 
k {CO, 3t+1+2i,61+3+l&, (it-ti, 1,3i+S) mod v-l) 
if0 2,i=1,2 ,..., r---l, 
A(B,‘D= {1,2.3,4.5,5), 
A@,)- (1,2,3,4,~,~). 
A(c,:l == (3i+3,3i+4, .3i+5,3r+1+2i, 3r+2+2i,cjt--i), 
. so that ( I,‘, B) is a BCD(I 2,r, 6, 2). 
We can now summarize the results of this section in the following 
theorem: 
uz 1 orQ(mod 12) for X E 1 or 5 (mod 61, 
t” = 1 (mod 4) for X 2 3 (1 mod 6), 
trHh,r t (mod 3) for X 2: 2 w 4 {mod 6), 
of. The necessity folbws easily from the conditions (2.1), GX% the 
follows from xmma 12  %ind Lemmas 4.14. ‘12. 
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